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Evidence of six-particle Coulomb correlations in six-wave-mixing signals
from a semiconductor quantum well
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Six-wave-mixing signals from a ZnSe quantum well are analyzed experimentally and with a microscopic
density-matrix description using the dynamics-controlled-truncation scheme. For each physically distinct com-
bination of polarizations of the exciting pulses, the spectrum of six-wave-mixing emission is measured as a
function of time delay. The experimental results are compared with calculations performed at different levels
of approximation. Although the leading order contributions to six-wave-mixing signals are of fifth order in the
laser field, we show that there are significant signal components that are due to at leastx (7) processes. The
sensitivity of six-wave-mixing signals to high-order Coulomb correlations is demonstrated. Six-point density
matrices are found to be indispensable for the interpretation of our experiments, while some details seem to
indicate the involvement of even higher-order correlation functions. Furthermore, we find a remarkable dy-
namical decoupling of spectral signatures and the delay-time behavior after excitation with linearly polarized
pulses.
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I. INTRODUCTION

Predicting the dynamical response of correlated quan
mechanical systems is a long-standing challenge for mi
scopic theories. Most remarkable is the ability of such s
tems to be in correlated states, i.e., to form coherent su
positions of states with well-defined relative phases. While
a classical statistical ensemble only incoherent superp
tions of the ensemble members are possible, in a quan
system, superpositions of the phase-sensitive probability
plitudes can be realized. The result is a high degree of
tanglement, which could not be reached within a class
ensemble. The rich phenomenology associated with this
damental difference between quantum and classical sys
is most clearly illustrated in atomic physics.1 Dense many-
body systems, such as semiconductors, also support s
Coulomb correlations. The effects of these correlations
however, very hard to access because of their comple
Despite conceptual and practical difficulties, significant th
oretical progress was made recently in the description
Coulomb correlations in condensed matter.2–16 Much atten-
tion has been devoted to systems with strongly correla
dynamics for which it is not justified to treat the interactio
between quasiparticles as scattering events local in space
time, a key assumption of the Boltzmann theory. With t
development of advanced spectroscopy techniques w
time resolution is much shorter than the scattering ti
scales, such effects have become observable. These adv
have triggered both experimental and theoretical invest
tions of electron-electron interaction17–30 and electron-
phonon interaction.31–39 The two most frequently used non
linear optical techniques are four-wave-mixing~FWM! and
pump and probe spectroscopy~PP!. Modeling the associated
memory effects requires a quantum kinetic description
0163-1829/2001/63~11!/115303~12!/$15.00 63 1153
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yond the Boltzmann limit.21–23,27–29The issues that have
been addressed at the quantum kinetic level cover a w
range of phenomena, including the dynamics
screening,4,21,22 the dynamics of dephasing,23 the signatures
of the energy-time uncertainty,17,18,34,35 phonon-quantum
beats,31,38,39 biexcitonic correlations,9,40 and the effects of
exciton-exciton continuum correlations.24–26,41,42 The suc-
cessful theoretical description of these phenomena depe
crucially on the ability to find a reduced description of th
dynamics in which the relevant correlations are built up fro
correlations involving only a limited number of quasipar
cles, e.g., only a few electron-hole pairs.

The simplest such theory accounts explicitly for only tw
particle correlations, and yields the semiconductor Blo
equations.43,44 It is able to reproduce a fairly wide variety o
phenomena. Recent comparative experimental and theo
cal studies of FWM signals performed in semiconduct
show features related to genuine four-partic
correlations.24–28Such experiments are usually carried out
low intensities to avoid correlations involving more than fo
particles. At high intensities, they cannot discriminate su
correlations. Thus, so far, experiments have not tested eff
of higher-order correlations, and consequently, only very f
theoretical studies have at all considered correlations at
six-particle level.40,45,46 In Ref. 40, a system close to th
coherent regime has been studied and the effect of
particle correlations turned out to be restricted to an alm
negligible excited state absorption in this case. Meier a
Koch45 analyzed the opposite limit, namely, a situatio
where all carriers are assumed to be completely incohe
and present in the system from the start. On the basis
simplified one-dimensional tight-binding model with ten la
tice sites, they predict the following features of different
transmission changes related to six-particle correlations:~a! a
©2001 The American Physical Society03-1
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noticeable excited state absorption,~b! an enhancement o
the bleaching compared with the result obtained from Pa
blocking, and~c! a strong compensation of single-pair tra
sitions directly induced from the incoherent thermalized
citons. Similar compensation effects have been observe
the phase of a FWM signal.46 Strong compensations, how
ever, make it hard to separate effects related to six-par
correlations from other influences and to highlight their d
namical properties directly. While it is easy to suppress n
linearities from two-particle contributions and make fou
particle correlations the leading nonlinear contribution, e
in PP using counter-circularly polarized beams, there is
such possibility on the six-particle level. And indeed, it w
observed that in PP experiments with counter-circularly
larized pulses the signal is dominated by four-parti
correlations.40,47,48 Two-beam FWM is less selective sinc
two-particle correlations cannot be totally suppressed
leading order in this case. Therefore, it is natural to ask un
which circumstances correlations involving more than fo
particles may play a more prominent role. Although in s
wave-mixing~SWM! experiments the two- and four-partic
correlations cannot be suppressed via polarization selec
rules, one may expect a larger relative weight of the s
particle contribution than in FWM or PP.49

In the present paper we demonstrate that, in contras
FWM, SWM emission shows clear signatures of high-ord
correlations involving at least six-particles. While a previo
investigation50 concentrated on a single combination of p
larization vectors, we analyze here all relevant polarizat
configurations and also provide for a detailed derivation
the theory used in the present paper, as well as in Ref.

In order to enable a meaningful comparison betwe
theory and experiment, it is important to deal with a we
characterized system. In the present paper, we stud
ZnMgxSSex21/ZnSe/ZnMgxSSex21 single quantum well; a
system that is ideally suited for studies of correlated ma
body quantum kinetics. Our investigation benefits parti
larly from several properties of this structure. First, the bin
ing energies for the exciton and biexciton, as well as
heavy-hole–light-hole splitting are fairly large and the co
responding linewidths are narrow. This allows for the sel
tive excitation of heavy-hole excitons and biexcitons, a
gives a clearly resolved spectral response. In addition,
strong optical nonlinearities allow a single, 5 nm quantu
well to generate easily measurable experimental sign
Thus we avoid corruption of the signal by propagation
fects. These two advantages provide an extremely clean
perimental system that greatly facilitates interpretation a
quantitative comparison with theory.

Previous work on this experimental system, such as
analysis of the transient polarization state of FW
emission,27,28 has demonstrated the presence of rather c
plicated dynamical features that have been identified as
natures of four-point Coulomb correlations. It is important
note that in the case of undoped direct-gap semiconduc
these correlations are dynamically generated. Even tho
the ground state of the semiconductor has correlations, t
do not play a role in the consideration of the excited el
trons and holes near the direct gap. These electrons and
11530
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behave as particles with mutual interactions without affe
ing the ground state that, except for providing the dielec
screening, can be considered as rigid.51 We thus have a well-
defined starting point for the dynamics that is complet
uncorrelated. The strong correlations due to the Coulo
interaction build up in the system only after the carriers
excited. The absence of correlations before the excitation
great advantage for our purposes, because it greatly fa
tates the calculations of the ultrafast optical response c
pared to systems with strong ground-state correlations,
thus allows for much more conclusive comparisons w
measurements. Furthermore, as the correlations are ind
by the laser field, they show a strong dependence on
excitation conditions. This allows for partial external contr
over the correlations and their dynamical properties.
strongly correlated materials, the excited particles experie
extremely large couplings among themselves and with o
low-lying excitations and, therefore, we believe that optic
investigations similar to ours will shed light on the effects
electronic correlation in these systems.

In this paper we will show that it is indeed possible to fin
excitation and detection conditions where high-order C
lomb correlations have a significant qualitative impact
optical signals from semiconductor quantum wells. In p
ticular, we will discuss the influence of the correlated part
the six-point density matrix describing transitions from inc
herent exciton densities to correlated two-pair states. It tu
out that SWM signals provide a sensitive monitor for th
type of a quantum-kinetic correlation. We compare our e
perimental results quantitatively with the results of a mic
scopic density-matrix theory using the dynamics-controlle
truncation~DCT! scheme.10,11 Comparisons are made wit
theory at three different levels of sophistication:~a! a fully
coherent description following only the dynamics of cohe
ent single-pair and two-pair transition amplitudes,~b! a treat-
ment that, in addition, accounts for incoherent densities,
~c! a level of description that includes, in addition to th
terms in ~a! and ~b!, correlated six-point density matrice
representing transitions from incoherent excitons to bound
unbound two-pair states. Our results clearly indicate that
contribution from these six-point correlations is crucial to
correct description of the optical response of this system

II. EXPERIMENTAL SETUP

Spectrally resolved, degenerate SWM experiments w
performed on a 5 nm ZnMgxSSex21 /ZnSe/ZnMgxSSex21
single quantum well. In this sample, thehh- lh splitting is
Elh2hh520 meV and the binding energies for the excitonX
and the biexcitonX2 are EX

b525 meV andEX2

b 56.6 meV.

Thehh-X andhh-X2 transitions can therefore selectively b
excited, yielding a well-resolved spectral response~see linear
absorption in Fig. 1!

The sample was held in a liquid He cryostat atT510 K ,
giving ahh-X peak centered at\VX52.825 eV. 70 fs trans-
form limited pulses from a frequency doubled Ti:Sapph
laser were used for excitation, and were tuned to excite
clusively the 1s hh-X. The excitation density was approx
mately N51010 cm22. As detailed below, low-excitation
3-2
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EVIDENCE OF SIX-PARTICLE COULOMB . . . PHYSICAL REVIEW B 63 115303
densities are favorable for our purposes. Therefore, we
the intensity as low as possible. However, SWM signals
volve rather high powers in the laser field and thus fall
quite rapidly, while the noise~much of which comes from
scattered light! scales linear with the intensity. The resultin
loss of the signal to noise ratio severely limits the access
intensity range. Varying the intensity within these limits w
found that~a! the results presented below are rather inse
tive to these intensity changes and~b! even for the lowest
accessible intensities, the regime of a strict power-law s
ing of the SWM signal is not reached. Two laser pulses w
wave vectorskW1 ~pulse 1! andkW2 ~pulse 2! separated by the
time delayDt excite the sample, and the SWM signal
measured in the momentum conserving directionkW s53kW2

22kW1. Our convention is thatDt.0 if pulse 1 precedes
pulse 2. The polarizationss1,2 of the exciting pulses were
varied among all significant combinations of circular a
linear, and the SWM emission was projected onto each of
ss5x,y,s1, ands2 polarizations. The spectrum of eachss
was recorded as a function ofDt. To label the various po-
larization configurations we use the notation$s1 ,s2 ,ss%.

III. MEASURED SIX-WAVE-MIXING SIGNALS

In this section we present our experimental results. F
we discuss excitation conditions involving linearly polariz
pulses, then we address some additional issues related t
more selective excitation created by circular polarizatio
For each polarization configuration, the data~experimental in
this section and theoretical in the next one! is presented as
contour maps,SSWM(Dt,v), giving the magnitude of the
SWM signal on a logarithmic scale as a function of tim
delay and frequency. The gray scaling corresponds to th
orders of magnitude in the intensity starting from the resp
tive maxima. It is important to note that these plots gi
information both on the time-delay dependence@variation of
SSWM(Dt,v) with Dt] and the real-time dependence@related
to the Fourier transform of the variation ofSSWM(Dt,v)
with v]. As shown below, this point is very important fo
discussing the interpretation of the experiments and the c
parison with theory.

FIG. 1. Linear absorption of the sample. Inset: transmiss
~thick line!, laser spectrum~thin line!.
11530
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Figure 2~a! displays SSWM(Dt,v) measured in the
$x,y,y% configuration. We observe strong contributio
around the spectral energy of the exciton (\VX) and about
one biexciton binding energy below@\(VX2

2VX)52.8184
eV#. In the remainder of the text we will call this energy th
exciton-biexciton-transition~EBT! energy. TheX emission
peaks atDt5150 fs, and is clearly visible for2750 fs
<Dt<2 ps. It is centered at\VX for Dt.0, but experi-
ences a'1 meV shift forDt'2200 fs→0. The emission at
the EBT energy is visible for2200 fs<Dt<11.5 ps and is
centered at\v52.818 eV for allDt. It results from two-
photon transitions to the biexciton, as well as from tran
tions between incoherent excitons and two-pair states.
though, overall, the signal has its maximum at the excit
the biexciton component is strong. Note that neither the s
nal around the exciton nor that around the EBT energy sh
any beats, instead in both casesSSWM(Dt,v) exhibits a
smooth decay with increasingDt. Obviously, the spectra
content of the SWM signal showing that considerable tr
sitions to biexcitons have been generated, does not tran
into corresponding features in the time-delay dependen
This dynamical decoupling between the real-time dep
dence, corresponding to the spectral content, and the t
delay dependence is in contrast to predictions made on
basis of simple models that neglect correlations. Indeed
the general case, and especially when correlations are im
tant, there isno fundamental energy-time uncertainty b
tween thev andDt dependence of a nonlinear optical sign
In that respect, our observation is in line with previous o
servations by Siegneret al.,52,53 Wehneret al.,54 and Stein-
bach et al.,38 where it was found that for the short puls
excitation of correlated systems thet or v dependence and
the Dt dependence of FWM signals containdifferent infor-
mation.

Figure 2~b! presents SSWM(Dt,v) measured in the
$x,x,x% configuration. In this case, theX emission is only
visible for 2500 fs<Dt<1.4 ps, but shows clearly at lea
three beats with maxima atDt'0 fs, 500 fs and 1.1 ps
respectively. Here, the maxima are centered at\VX'2.825
eV for all time delays, but the second and third beats
noticeably slanted. As in the$x,y,y% case, we also observ
an emission at the EBT energy. It is, however, much wea

n

FIG. 2. Measured six-wave-mixing emission shown over th
orders of magnitude in emission intensity.~a! in the $x,y,y% con-
figuration,~b! in the $x,x,x% configuration.
3-3
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AXT, BOLTON, NEUKIRCH, SHAM, AND CHEMLA PHYSICAL REVIEW B 63 115303
than for the$x,y,y% configuration, but nevertheless, well di
tinguishable for2100 fs<Dt<1500 fs. Here, the situation
is almost reversed compared with the$x,y,y% configuration.
Now, biexcitonic features are much stronger in the tim
delay domain~strong beating! than in the frequency domai
~weak EBT line!.

Configurations involving circular polarized pulses allo
for a more selective excitation, as biexcitonic features can
either totally or partially suppressed. A total suppression
transitions involving the bound biexciton state is possi
using cocirculars1 pulses for the excitation. The resultin
SWM signal is alsos1 polarized and plotted in Fig. 3~a!. As
expected, it is emitted exclusively at the spectral position
the exciton and does not exhibit any beats. It is interestin
compare this result with the SWM emission for th
$x,s1,s1% configuration in Fig. 3~b!. Selection rules base
on angular momentum conservation predict that these
signals should coincide at thex (5) level. Obviously, in con-
trast to the$s1,s1,s1% case, the$x,s1,s1% signal shows
biexciton beats forbidden in fifth order. We therefore co
clude that this feature has to be attributed to processes
are at least of the seventh order in the field, i.e.,x (n>7). This
high-order contribution persists down to the lowest meas
able excitation densities, raising questions about the vali
of the perturbation expansion in nonlinear processes w
multiple resonances in materials with a stro
correlation.49,55

IV. THEORETICAL FRAMEWORK

Traditionally, the many-body problem in semiconducto
has been approached using the random-phase approxima
in which many-particle correlations are accounted for o
on a mean-field level by factorizing high-order correlatio
in products of elements of the two-point density matric
This level of theory, which results in the well-know
semiconductor-Bloch equations, works adequately for m
experimental conditions. For many years it has been state
the-art to extend the semiconductor-Bloch equations by
ing scattering terms derived from the second-order Born
proximation leading to equations of Boltzmann-type44

However, with decreasing density and on time scales s
compared to the mean free quasiparticle scattering time,

FIG. 3. Measured six-wave-mixing emission.~a! in the
$s1,s1,s1% configuration,~b! in the $x,s1,s1% configuration.
11530
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enough scattering events take place for the interaction
quasiparticles to be lumped into a mean field. Instead,
effects of nearby quasiparticles can be resolved individua
thus establishing strong correlations among the carrier25

For example, it is well known that in the low-density regim
it is important to account for bothout-scatteringas well as
in-scatteringterms, where the latter are also known asvertex
corrections.56–58 At low densities, neglecting vertex correc
tions would strongly overestimate scattering events w
small momentum transfer, i.e., scattering between far aw
particles,56,57 while out-scattering terms usually dominate
high densities, where the individual contributions of near
particles embodied in the vertex corrections are no lon
resolved. Furthermore, it is clear that neither mean-field
Boltzmann-type approaches can account for situations wh
two-pair correlations, such as biexcitons, play a promin
role. For such experiments it is necessary to include fo
point correlations and to treat the Coulomb interactionnon-
perturbatively. The importance of four-particle correlation
in the nonlinear optical response of semiconductor hete
structures has been demonstrated in several re
experiments.24–28,47,48

An enormous amount of work is currently focused
developing techniques to deal with the dynamics of cor
lated many-body systems.2–16 An approach that has prove
particularly useful for the description of correlation effec
seen in FWM and PP experiments24–29,40,45,59 is the
dynamics-controlled-truncation~DCT! scheme.10,11 In the
DCT scheme, a classification of the higher-order density m
trices, according to their respective leading orders in the la
field, is used as controllable truncation criterion. At low de
sities, where correlation effects are most pronounced, FW
and PP experiments are dominated by contributions of th
order in the laser field. FWM and PP experiments, therefo
probe mostly the dynamics of two-point or four-point dens
matrices. This class of experiments is usually influenced o
weakly by six-point and higher-order correlations. In co
trast, SWM signals are at least of fifth order in the laser fie
where a stronger impact of correlations beyond the fo
point level is expected, as indicated by early work on lar
gap semiconductors.49,55

In the present paper, we apply the third-order DC
scheme to truncate the hierarchy of density matrices and
lect the relevant dynamical variables.10,11We account for the
dynamics of four types of density matrices defined in Re
11 and 40,Y, B̄, N̄, andZ̄. The bar over the symbolsB̄, N̄,
and Z̄ indicates that the respective uncorrelated parts h
been subtracted, so that these variables account for corre
processes beyond the mean-field limit. Table I summari
the corresponding definitions in the Wannier representat
The dynamical variables fall into two categories, coher
amplitudes and variables accounting for incoherent parts
the dynamics.Y and B̄ belong to the first category and rep
resent, respectively, single-pair transitions and the correla
part of two-pair transition amplitudes, i.e., two-photon coh
ences. These are rapidly oscillating phase-sensitive qua
ties. Note thatB̄ contains contributions from both the boun
biexcitonic statesX2 and the unbound two-exciton con
3-4
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EVIDENCE OF SIX-PARTICLE COULOMB . . . PHYSICAL REVIEW B 63 115303
tinuum X-X. We call the limiting case, where only the co

herent transition amplitudesY and B̄ are taken into accoun
the coherent limit~CL!. The incoherent parts of the dynam
ics are represented in our treatment by the density matriceN̄

and Z̄. N̄ describes two physically different aspects of t
dynamics:~i! coherences between different pair states rela
to intersubband and intraband transitions and,~ii ! incoherent
occupations of pair states. Writing the definition ofN̄ in the
form N̄5^(Ŷ2^Ŷ&)†(Ŷ2^Ŷ&)& suggests an interpretation a
the fluctuation of the one-pair amplitudeY. In the following,
we refer to a level of theory that in addition to the CL pa
accounts for theN̄ contributions as the incoherent dens
~ID! level. Finally, the six-point density matrixZ̄ accounts
for transitions from incoherent exciton densities to two-p
states.Z̄ belongs to the incoherent part of the dynami
because it can only have finite values in the presence
incoherent densities. Nevertheless, being a transition den
Z̄ also has some properties of coherent variables, e.g., i
cillates at optical frequencies and is therefore phase se
tive. In atomic physics it is well known that correspondin
contributions lead to phenomena such asexcited state ab-
sorption. Also, the occurrence of newdephasing induced
resonancesis related to transitions of this type.60,61 We refer
to the level of theory that in addition to the CL and ID pa
accounts for the transitions described byZ̄ as the incoherent
density-assisted transitions~IDAT ! level.

As detailed below, we numerically solve the equations
motion ofY andB̄ for the CL level, ofY, B̄, andN̄ for the ID
level and ofY, B̄, N̄, and Z̄ for the IDAT level as sets of
coupled nonlinear equations. Consequently, our results
tain contributions of arbitrarily high orders in the laser fie
which would not be obtained by applying strict perturbati
theory. It should be noted that in principle, the SWM sign
could also be influenced in the leading order in the laser fi
@i.e., O(E5)] by other high-order correlation functions suc
as the correlated part of coherent three-pair transition am
tudes or incoherent two-pair occupation densities. At
present time, a microscopic treatment including all of the
contributions is out of reach. However, as shown below
description based onY, B̄, N̄, and Z̄ already gives good
overall agreement with our experimental findings. We co
clude from this that we have identified the contributio

TABLE I. Definition of dynamical variables in terms of expec

tation values of Fermi operatorsĉ j (d̂ j ) for the annihilation of an
electron~hole! in the Wannier state at sitej in the conduction~va-
lence! bandscj

(sv j
).

Y2
1[^Ŷ2

1&[^d̂1ĉ2&

B̄24
13[^Ŷ2

1Ŷ4
3&2Y2

1Y4
31Y4

1Y2
3

N̄14
23[^Ŷ1

2 †Ŷ4
3&2Y1

2* Y4
3

Z̄146
235[^Ŷ1

2 †Ŷ4
3Ŷ6

5&2Y1
2* (B̄46

351Y4
3Y6

52Y6
3Y4

5)

2N̄14
23Y6

52N̄16
25Y4

31N̄14
25Y6

31N̄16
23Y4

5
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dominating the SWM-signal components tested in our m
surements. It is very likely, however, that some fine featu
of our experimental data call for even more advanced m
eling for their explanation.

The SWM signal is calculated from the equation of m
tion for the single-pair amplitudeY, which determines di-
rectly the polarization of the sample.10,11 In the exciton rep-
resentation this equation has the form,

\@2 i ] t1va#ya5(
p

M a
pEopt

p 1Q nonlinear
a . ~1!

Here,M a
p are the components of the dipole matrix eleme

in direction of the polarization vectors of the two excitin
pulsesp with field amplitudesEopt

p , and\va is the energy of
an optical transition to the exciton statea. It is useful to
decompose the nonlinear sourceQ nonlinear

a into three parts

Q nonlinear
a 5Q CL

a 1Q ID
a 1Q IDAT

a . ~2!

Q CL
a is the source present in the coherent limit. It can

further subdivided into a coherent mean-field contributi
~CMF! and a part representing correlated two-pair transitio
~TPT! Q CL

a 5Q CMF
a 1Q TPT

a . The CMF part comprises the
Pauli blocking and coherent mean-field Coulomb nonlinea
ties known from the semiconductor Bloch equations. Writt
explicitly, these terms read

Q CMF
a 52 (

pāā8
B a

ā8
ā
p
yā
* yā8Eopt

p

1 (
āā8ā9

~VHa
ā8

ā
ā92VFa

ā8
ā
ā9!yā

* yā8yā9 , ~3!

whereB, VH , and VF are the blocking, Hartree, and Foc
matrix elements, respectively, in the exciton basis. In or
to account for correlated two-pair transitions, we used
memory kernel representation derived in27,41,42

Q TPT
a 5E

2`

t

dt8 (
a8āā8

yā
* ~ t !K a

a8
ā
ā8~ t2t8!ya8

~ t8!yā8~ t8!.

~4!

The memory structure induced by the kernelK(t) distin-
guishes our quantum-kinetic treatment of the Coulomb in
action from approaches that approximate the scattering
cesses as events without duration, as is done in
Boltzmann theory. In particular, the occurrence of spectra
narrow structures such as the biexciton render any treatm
local in time invalid. In our numerical analysis we have sep
rated the influences of the bound biexciton, i.e., excito
moleculeX2, from that of the exciton-exciton scattering co
tinuum X-X by extracting the biexciton contribution from
the kernel using a Lorentzian fit to theX2 line in the Fourier
transform ofK(t) . As shown below, this procedure allow
us to switch off selectively either the continuum or the m
ecule part in order to evaluate their respective influences
the SWM emission.

We distinguish between two physically distinct contrib
tions to the incoherent parts of the dynamics~a! parts di-
3-5
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rectly proportional toYN̄ or EN̄ and ~b! six-point correla-
tions proportional toZ̄. The former, labeled ID, are directl
generated from incoherent densities. They have been
cussed previously27 and are given by

Q ID
a 52 (

pāā8

B a
ā8

ā
p
n̄āā8Eopt

p

1 (
āā8ā9

~VHa
ā8

ā
ā92VFa

ā8
ā
ā9!~yā8n̄āā91yā9n̄āā8!.

~5!

The equation of motion for the incoherent density in t
exciton representationn̄aa8 is derived in the appendix. A
comparison of the structure of the direct incoherent con
butions in Eq.~5! with the CL sources in Eq.~3! shows that
Q ID

a can be thought of as the incoherent counterpart of
coherent blocking and mean-field Coulomb nonlineariti
However, a closer inspection of these terms reveals that
half of the ID contributions to the Coulomb nonlinearity a
needed to reproduce the corresponding mean-field resu11

the rest is already a correlation effect, although it has a st
ture that resembles the mean-field parts. Finally, we incor
rate the IDAT contribution in our theory. It is, of course,
numerically nontrivial task to deal with a six-point densi
matrix in a two-dimensional quantum-well system. In ord
to account for these parts of the dynamics on the same l
as the other contributions, we derive in the Appendix
memory kernel representation that is analogous to our tr
ment of the two-pair transitions. The resulting contribution
the equation of motion for the single-pair transitions is giv
by

Q IDAT
a 5E

2`

t

dt8 (
a8āā8

K a
a8

ā
ā8~ t2t8!eivā(t2t8)

3@ n̄āa8~ t8!yā8~ t8!1n̄āā8~ t8!ya8~ t8!#. ~6!

It should be noted that the memory kernel representa
used here is fully equivalent to the original DCT equatio
derived in Ref. 10. Another important point is that the kern
K(t) appearing in Eq.~6! is identical to the kernelK(t) of
Eq. ~4! that is needed for the two-pair transitions@cf. also the
derivation in the Appendix#. Comparing Eqs.~3! and ~4!
with Eqs. ~5! and ~6!, it is striking that the coherent mean
field part and the two-pair transitions are related to e
other in almost the same way as the ID contribution is rela
to QIDAT . In that respect, it is worth summarizing what w
learned from previous investigations of FWM experime
on samples similar to ours. It was pointed out in Res. 29
and 62 that in FWM there are strong cancellations betw
coherent mean-field contributions and the correlated par
the two-pair scattering continuum. Thus, it is natural to e
pect these interferences to have an incoherent counterpa
the competition between the ID and IDAT contributions.
fact, such a tendency has been reported in Ref. 45 in
analysis of the influence of thermalized exciton densities
PP experiments. The situation is, however, a bit more su
in the case of FWM experiments. On one hand, the fact
11530
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CL calculations under many circumstances give qualitativ
good agreement with experiments may be taken as an i
cation of cancellations of incoherent contributions. For e
ample, in Refs. 62 and 63 the ratio between the FWM sig
at the exciton and the biexciton energies was well rep
duced for all pulse polarizations. On the other hand, the
herent limit fails to describe correctly transient polarizati
states in the FWM, while calculations that in addition, a
count forQ ID

a , give very good results.27,28 In fact, a numeri-
cal solution at the ID level gives excellent agreement w
the FWM experiments even at densities for whichx (5) con-
tributions are already noticeable27,28 and adding the IDAT
contribution does not significantly change these result46.
Clearly, the transient polarization of the FWM signals sho
no significant compensation between ID and IDAT contrib
tions, whereas the phases of the same signals do exhi
strong compensation of incoherent parts.46 We can thus con-
clude that, although the effects ofZ̄ are not the same for al
aspects of FWM signals, they are either not significant, or
limited to a compensation with other~ID! contributions. This
confirms that the FWM is largely insensitive to six-poi
correlations.

In our calculations we have included all states on thes
heavy-hole parabola and accounted for the twofold deg
eracy of the conduction and heavy-hole bands. The exc
eigenfunctions have been calculated by direct diagonal
tion of the exciton Hamiltonian for a quantum well ink space
representation. The Hamiltonian has been discretized w
600 k points with a cutoff at 17 inverse bulk Bohr radii an
the following material parameters were taken: electron m
5 0.14 m0, hole mass50.67 m0 @m05 free electron mass#,
static dielectric constant58.7. The intregrals defining the
blocking, Hartree- and Fock-matrix elements have been p
formed making use of adaptive step-size Gauss-Romb
routines with automatic error control. In order to determi
the memory kernel we followed, Ref. 41, where it w
shown thatK can be obtained from an integral equation th
can be solved separately from the dynamics. After discr
zation, the solution has been obtained by standard rout
for matrix inversion. In the discretization of the integr
equation we did an importance sampling in order to acco
for the resonance structure of the integrand. Plots of mem
kernel components in the frequency regime calculated in
way for a two-dimensional system have been shown in R
27. Also, the quality of the extraction of the molecular pa
from the two-pair continuum is demonstrated there. As d
cussed in Ref. 27 we find a broad continuum that does
exhibit any sharp resonance structures that may be ident
with antibound states that are sometimes introducedad hoc
in the literature. Finally, the dynamic equations have be
integrated in time by a standard fourth-order Runge-Ku
routine with a constant time step of 2 fs. Adaptive time-st
routines have also been tested. However, it turned out
they gave identical results but with considerably increa
computation time. All subroutines have been tested se
rately and it was verified that a further increase in the nu
ber of calculated points or using an increased precision
some of the subroutines has no influence on the final res
Following Refs. 64 and 65, we have accounted for the w
3-6



a
es

rm

rie
g
t
o
rr
-

ri
ou
er
g
h
w
th

f t
b

ta
w

a
tio
ti
a

m
o
ic

w

e
n
o

is

-

e
o

th
m
in
s,

e
n

al-
of

but
er-
he
to
on
M

M

eats

f the

nd

in

n

g
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vectors of the light pulses only parametrically by invoking
discrete Fourier decomposition of our dynamical variabl
As shown in Refs. 64 and 65, the transition densityY has
nonzero Fourier components for wave vectors of the fo
kW5(kW11kW2)/21 j 3(kW12kW2)/2, wherej may be any positive
or negative odd number. We have kept all nonzero Fou
components in the range27< j <7 and in the correspondin
decompositions ofB̄, N̄, andZ̄ all Fourier components tha
can be generated from sources involving the above partsY
have been accounted for. Note, that the SWM signal co
sponds toj 525. It turns out that further restricting the Fou
rier decomposition to the range25< j <5 has no significant
impact on our results. We therefore conclude that the Fou
expansion is rapidly converging and that higher-order F
rier components couple back to the lower orders only v
weakly for our excitation conditions. A typical run solvin
for the dynamics finishes within 2–3 days on a DEC alp
workstation. For the interband dipole matrix elements
have used the standard selection rules that follow from
momentum representation of the states at the center o
Brillouin zone. All equations have been supplemented
dephasing constants. Recently, it was found experimen
that at low temperatures, the dephasing of one-pair and t
pair transitions are of the same order of magnitude.66 There-
fore, for simplicity we have set the damping constants of
transition variables equal taking a value of 1 ps. Occupa
densities decay on a longer time-scale due to recombina
processes67 and we have used a value of 90 ps for this dec
rate, i.e., there is practically no recombination on the ti
scale of our experiment. We also used an inhomogene
broadening of 1 meV in all calculations. The microscop
modeling of dephasing is an interesting subject in its o
right, which continues to attract much attention.67–72 How-
ever, the dephasing of high-order correlations and/or sp
trally sharp structures such as the exciton or the biexcito
low-temperatures and low-excitation densities is still n
well understood.25 A microscopic treatment of dephasing
beyond the scope of this paper. Previous calculations
FWM signals27 have shown that significant fifth-order con
tributions are obtained for a pulse area ofA50.026. In order
to account for the slightly higher excitation densities need
in our present experiment to combat the noise level, we sh
in the following calculations performed withA50.03. How-
ever, as precise absolute values forA are not easily extracted
from the experiment, we have verified that a pulse area
A50.04 yields very similar results~not shown! leading to
the same conclusions.

V. COMPARISON BETWEEN EXPERIMENT AND
THEORY

Figure 4~a! showsSSWM(Dt,v) calculated for the$x,y,y%
configuration using the full set of equations presented in
previous section. As in the experiment, there are strong e
sions at the exciton position, as well as one biexciton bind
energy below. Also in agreement with the measurement
smooth decay is seen as a function ofDt and there is no
beating. It has already been pointed out in Ref. 50 that th
features can only be reproduced when IDAT contributio
11530
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are included. Calculations in the coherent limit yield an
most vanishing EBT emission, which is at least two orders
magnitude too low@see Fig. 2~a! in Ref. 50#. The CL calcu-
lation correctly shows no beats in the exciton emission,
this is no surprise, as the EBT contribution is greatly und
estimated. This inability of CL calculations to reproduce t
relative weights of exciton and biexciton contributions
SWM is in sharp contrast to the FWM results. The inclusi
of QID , which did reproduce even small details of FW
signals from the same and similar samples,27,28 actually pro-
duces even more significant discrepancies from the SW
experiments@cf. Fig. 2~b! in Ref. 50#. The ID calculation still
underestimates the EBT contribution, and shows strong b
at the exciton position.50 Thus, the six-point correlationZ̄ is
absolutely necessary to describe accurately the results o
SWM experiments.

It is interesting to study the relative influence of the bou
biexciton X2 and of the two-pair scattering continuumX-X
on the IDAT part of the dynamics. This is easily achieved
our calculation by keeping either only theX2 or only the
X-X parts of the memory kernelK(t) in the expression~6! of
Q IDAT

a . The results are shown in Fig. 5~a! and 5~b!, where in
Fig. 5~a! theX2 contribution has been switched off, while i

FIG. 4. SWM emission calculated on the IDAT level includin

two-, four-, and six-point contributionsY,B̄,N̄, and Z̄: ~a! in the
$x,y,y% configuration,~b! in the $x,x,x% configuration. The energy
is relative to the exciton transition.

FIG. 5. SWM emission in the$x,y,y% configuration:~a! calcu-
lation without the IDAT to the biexciton molecule,~b! calculation
without the IDAT to the two-pair continuum.
3-7
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Fig. 5~b! it is the X-X contribution that is left out. In Fig.
5~a!, the magnitude of the signal at the EBT energy dram
cally drops in accordance with the previous finding that
coherent two-pair transitions to the biexciton molecu
which are still included in the calculation, are too weak
explain this emission~cf. the discussion of the coheren
limit !. The X2 emission is of course stronger in Fig. 5~b!.
However, in contrast with the full calculation in Fig. 4~a! and
with the experiment, it is still much weaker than the excit
emission. As mentioned earlier, strong cancellations betw
the continuum of two-pair transitions and the coherent me
field contributions occur, leading to an overestimate of
exciton contribution in the FWM signals when the two-pa
continuum is switched off.41,62 The results of Fig. 5~b! indi-
cate a similar behavior of the incoherent parts of the dyna
ics. Neglecting the IDAT continuum also leads to an over
timate of the exciton contribution, thus demonstrati
compensations between direct ID parts and the IDAT c
tinuum in the full calculation in Fig. 4~a!. Another remark-
able aspect of the comparison is that Fig. 5~a!, as well as Fig.
5~b!, show beats at the exciton energy and additional be
are seen at the EBT energy in Fig. 5~a!. Obviously, the in-
coherent discrete transitions have not only significant in
ence on the signal at the EBT energy~which is expected! but
also strongly modify the signal at the exciton energy. T
mixing of discrete and continuum parts of the dynamics
due to the high-order nonlinearities detected in SWM exp
ments. The suppression of beats at both exciton energy
EBT energy thus requires a subtle balance between the
crete and continuum contributions ofZ̄.

Figure 4~b! shows the result of a calculations on the fu
IDAT level for the $x,x,x% configuration. We compare thi
with calculations in the coherent limit in Fig. 6~a!, and in-
voking the ID level in Fig. 6~b!. Interestingly, for the$x,x,x%
configuration all three levels of the theory are able to rep
duce a beating at the exciton energy. However, it is fou
experimentally that there is only a very weak emission at
EBT energy, and this agrees only with the CL and IDA
calculation. In contrast, the ID calculation predicts a mu
too strong emission at the EBT position. Thus, we find aga
a strong competition between the contributions fromQ ID

a

andQ IDAT
a .

Some features of the experimental data are, however,

FIG. 6. SWM emission in the$x,x,x% configuration:~a! calcu-
lation in the coherent limit CL,~b! calculation on the ID level.
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reproduced even at the IDAT level. For example, in t
$x,x,x% configuration the beats are significantly slanted
the energy/time-delay axis, an effect that is not evident
any of the theoretical plots. As mentioned above, there
still a number of potential high-order contributions to th
SWM signals, whose influence has not yet been explo
These include contributions of correlated three-pair tran
tions and incoherent two-pair occupations. At present, we
unable to discriminate among these possible explanati
and further work is needed.

As discussed before, the signals for the$s1,s1,s1% and
the $x,s1,s1% configurations should be the same at thex (5)

level. This selection rule can be derived by straightforwa
algebra using the standard representations of the dipole
trix elements for the heavy-hole transitions. A more intuiti
understanding is gained from the following argument: wh
only fifth-order processes are taken into account there are
waves participating in the buildup of a polarization in dire

tion kW s53kW222kW1, three incoming waves in directionkW2,

two out-going waves in directionkW1, and the out-going sig-

nal in directionkW s . The three incomingkW2 waves originate
from s1 photons. Thus, for as1 signal wave, the balance o
angular momentum requires that only thes1 photons from
the x-polarized k1 waves participate. However, biexcito
molecules can only be excited by photons with opposite
gular momentum, which is therefore not possible in ax (5)

process in the$x,s1,s1% configuration. On the other hand
in seventh order in the laser field, the selection rules allo
broader variety of polarization combinations, and con
quently, these signals for$s1,s1,s1% and$x,s1,s1% may
differ. In particular, the processes involving two or mo

waves inkW1 direction~with change of signkW1→2kW1 coming
from the phase conjugation of some variables! according to

3kW222kW11n3(kW12kW1)→kW s are good candidates for an ex
planation of the observed differences between these con
rations. An example of a process of this type that is includ
in our present treatment can be identified from the analy
of the contribution from two-pair transitions, which is pro
portional to;Y* B̄. In the first step, a biexciton molecul
can be formed from photons with opposite circular polariz
tion taken from thekW1 wave. The resulting second-orderB̄2kW1

(2)

in direction 2kW1 gives, together with the first-order polariza
tion YkW1

(1) , a source for anx polarized third-order polarization

YkW1

(3) in kW1 direction ;YkW1

(1)* B̄2k1

(2) that contains frequency

components at the EBT energy. In a similar way, a thi
order polarizationY2kW22kW1

(3) can be generated in directio

2kW22kW1. In contrast to the first case, due to the circu
polarization ofkW2, this polarization does not involve a biex
citon molecule. CombiningY2kW22kW1

(3) with the linear response

YkW2

(1) , a fourth-orderB̄3kW22kW1

(4) is generated, which provides

source;YkW1

(3)* B̄3kW22kW1

(4) for a seventh-order polarization i

3kW222kW1 direction. This term has biexcitonic contribution
3-8
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from YkW1

(3)* ; which would be impossible in the$s1,s1,s1%

configuration.
The theoretical results obtained on the IDAT level f

excitations involving circular polarized pulses are shown
Fig. 7. The plot for the$s1,s1,s1% configuration in Fig.
7~a! is in good agreement with the experiment, which is n
surprising, because due to the total absence of biexcit
this configuration is quite insensitive to the level of theo
used. Figure 7~b! shows$x,s1,s1% data. Obviously, there is
no significant difference in the numerical results f
$s1,s1,s1% and the$x,s1,s1% configuration seen ove
the three orders of magnitude displayed in the figure. Ho
ever, for the$x,s1,s1% configuration, the calculation yield
a weakx (7) signal at the EBT energy that is far off scale
Fig. 7 and much weaker than in the experiment. Althou
many of thex (7) processes that do involve the biexcito
molecule in the$x,s1,s1% case are included in our calcu
lation ~see above!, there is no indication for the experimen
tally observed modulation. This result remains unchan
even when higher excitation densities are used~we tested
A50.05 andA50.1), where strong saturation effects due
Pauli blocking become relevant~not shown!. We therefore
conclude that the observed modulation in the$x,s1,s1%
configuration is not only a clear indication forx (7) contribu-
tions, it must also be attributed to processes that go bey
the high-order correlations taken into account in the pres
calculations.

VI. CONCLUSION

Investigations of high-order correlations using the SW
technique have only just begun; but already on the basi
the experimental and theoretical data presented in this p
several conclusions can be drawn. The comparison betw
measurements and calculations at different levels of appr
mation clearly reveals that six-point correlations are ind
pensable for a microscopic understanding of SWM. In c
trast to FWM, we find a much higher sensitivity of SWM
signals to correlations beyond the four-point level. In fa
we have demonstrated that it is possible to excite a semi
ductor in such a way that strong correlations among six
more particles are induced, which is not evident from FW

FIG. 7. SWM emission calculated on the IDAT level.~a! in the
$s1,s1,s1% configuration,~b! in the $x,s1,s1% configuration.
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However, some of the observations turn out to be even
yond the present treatment, where six-point correlations r
resenting incoherent density assisted transitions have b
included. Examples are the slanting of the beats seen in
$x,x,x% configuration or the modulation of the$x,s1,s1%
signal. The latter has been shown to be due to at least ax (7)

process.
Using linearly polarized pulses for the excitation, we ha

found a remarkable dynamical decoupling between spec
features and beating in the time-delay regime. While in
$x,y,y% configuration a strong spectral contribution of th
biexciton is not associated with beats in the time del
strong beating is observed in the$x,x,x% case, although there
is only a very weak emission at the EBT energy. We ha
shown that this dynamical decoupling is well reproduced
the DCT theory, but only when IDAT contributions are in
cluded. Finally, an analysis of the IDAT contributions of th
biexciton molecule and the two-pair continuum reveals p
tial compensation effects between the ID and the IDAT co
tinuum, as well as a strong mixing between the discrete
continuous IDAT components.
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APPENDIX: TREATMENT OF INCOHERENT
CONTRIBUTIONS TO THE DYNAMICS

In this appendix we outline the treatment of the incoh
ent densitiesN̄ used in this paper and derive the memo
kernel representation for the IDAT contributions. Our sta
ing point is the equation of motion for the pair densityN @Eq.
~39! of Ref. 10#, which has been derived by applying th
DCT scheme at the third order. Switching to the excit
representation, this equation reads

\@2 i ] t1va2vā#nāa5(
p

M a
pEopt

p yā
* 2(

p
M ā

p* Eopt
p* ya .

~A1!

Using Eq.~A1! together with Eq.~1!, we immediately obtain
the desired equation for the incoherent partn̄ā,a5nāa

2yā
* ya of the pair density

\@2 i ] t1va2vā#n̄āa5Q nonlinear
ā* ya2yā

* Q nonlinear
a ,

~A2!

whereQ nonlinear
a is the nonlinear source of they equation. The

n̄ equation would contain further sources if, in additio
phonons or other bath couplings had been taken
account.40 However, phonons are expected to be of min
3-9
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importance at the low temperatures considered here, whic
confirmed by the good agreement with FW
experiments27,28 obtained by using Eq.~A2!.

In order to derive the memory kernel representation
the IDAT contributions, we start from the equation of motio
for Z̄ given in Ref. 40 in the Wannier representation. As
the N̄ case, we neglect the phonon-induced parts derive
Ref. 40 leading to

\@2 i ] t1VB
46
352VY

1
2#Z̄146

2355V~4
3u6

5!~N̄14
23Y6

51N̄16
25Y4

3!

2V~6
3u4

5!~N̄16
23Y4

51N̄14
25Y6

3!,

~A3!

where\VY and\VB are the Hamiltonians for the single an
the two-pair problem, respectively~cf. Ref. 10! and with
V(2

1u4
3)[V141V232V132V24, where V12 is the Coulomb

potential. Thus, the eigenenergies of the oscillators re
sented byZ̄ are differences between one- and two-pair en
gies as expected for transitions from single-pair to two-p
states. The sources on the right-hand side of Eq.~A3! are
proportional toYN̄, confirming the interpretation as incohe
ent density-assisted transitions. In particular, in the abse
of incoherent densitiesN̄, those transitions are not generate
In an analogy to the treatment of the two-pair transitions41

we formally invert Eq. ~A3! by using the correspondin
Green functionGZ . Noting that\VY and \VB act on dif-
ferent sets of variables, we find thatGZ is given by a product
of the complex conjugate of the Green functionGY for the
single-pair problem and the two-pair Green functionGB de-
fined in Ref. 41. We thus obtain the following formal sol
tion of equations~A3!

Z̄146
235~ t !5E

2`

t

dt8 (
184868
283858

i\GY* ~1
2 ,18

28 ;t2t8!GB~46
35,4868

3858 ;t2t8!

3$V~48
38u68

58!@N̄1848
2838~ t8!Y68

58~ t8!1N̄1868
2858~ t8!Y48

38~ t8!#

2V~68
38u48

58!@N̄1868
2838~ t8!Y48

58~ t8!1N̄1848
2858~ t8!Y68

38~ t8!#%.

~A4!

It is tempting to think that the factorization property of th
Z̄-Green function would mean that only correlations betwe
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the particles at sites$1,2% and among those at$3,4,5,6% are
built up, so thatZ̄ would not contain correlations where s
particles participate. However, looking at the sources forZ̄, a
different picture is obtained. Here, the particles at$1,2% are
always correlated to another electron-hole pair selected f
the particles at$3,4,5,6% by means of a four-point correlatio
N̄. In fact, all possible combinations for the above select
do show up. If we follow the fate of a particular contributio
to Z̄, e.g., the one arising from the source;N̄14

23Y6
5 , we see

that a genuine six-particle correlation is indeed builtup
quentially; in a first step, the Coulomb interaction leads t
correlationN̄14

23 between the pair at$1,2% and another pair a
$3,4%, while a third pair at$5,6% is uncorrelated after this
step. Then, the source;N̄14

23Y6
5 is propagated by means o

the Z̄ Green function, which introduces a new correlati
between the pairs$3,4% and$5,6% @see Eq.~A4!#. The result
of this two-step process is a correlation involving si
particles, although there is no direct Coulomb interaction
the Z̄ propagator between the particle at$1,2% and those at
$3,4,5,6%, which would be the case for the correlated thre
pair transition density.73

The contribution ofZ̄ to the equation of motion forya is
according to Refs. 40 and 11 given by

Q IDAT
a 5(

12l j

1

AV
fa* ~2

1!V~2
1u j

l !Z̄j
l

j
l

2
1 , ~A5!

wherefa(2
1) is the wave function of excitona and V is a

normalization volume. We now insert Eq.~A4! on the right-
hand side of Eq.~A5! and invoke the exciton representatio
for Y andN̄. The lengthy expression obtained in this way c
be simplified by using the standard expansion ofGY in terms
of exciton wave functions

GY~1
2 ,18

28 ;t !5
i

\ (
a

fa~1
2!fa* ~18

28!u~ t !e2 ivat, ~A6!

because with the help of Eq.~A6! the sums over 18 and 28 in
Eq. ~A4! can be performed, taking into account the orthon
malization of the exciton wave functions. Collecting the r
maining eightfold space summations we recover the defi
tion of the memory kernelK for the two-pair transitions@Eq.
~5! in Ref. 41# and thus finally arrive at the representation~6!
for the IDAT sourcesQ IDAT

a .
i

.
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